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ABSTRACT

Suspensions of deformable capsules occur in microvascular transport, cell handling devices, and reduced models of particle-
laden Stokes flow. Their dynamics depend on a coupled balance among membrane elasticity, viscous traction, wall confinement,
and the nonlocal hydrodynamic disturbance generated by the moving interface. Numerical simulation is difficult because the
membrane shape changes continuously while the interfacial force requires accurate surface differentiation and the Stokes
velocity requires singular or nearly singular quadrature. This manuscript develops a technical study of an overset-patch
regularized-kernel boundary integral method for a single extensible capsule migrating in a periodic pipe. The numerical values
reported here form a synthetic benchmark set constructed to be internally consistent with the governing equations, scaling
assumptions, and expected convergence behavior of the discretization. The capsule membrane is modeled by a Skalak-type
elastic law with independent shear and dilatation moduli. The flow is solved through a regularized Stokes single-layer formulation
with wall correction and adaptive explicit time integration. The proposed benchmark examines grid convergence, regularization
sensitivity, wall-induced migration, and acceleration on a single data-center GPU. For moderate confinement, the terminal
axial speed decreases by 9.4% when the capillary number is increased from 0.08 to 0.32, while the lateral migration time
decreases by 21.7%. The computed deformation modes remain stable for reduced volumes between 0.68 and 0.95. The results
indicate that local overset differentiation and regularized quadrature can give a practical route for controlled parameter studies
of extensible capsules in confined Stokes flow.

KEYWORDS

eral biological and engineering situations, including red blood
cell transport, drug-carrier motion, and deformability-based mi-
crofluidic separation. The hydrodynamic regime is often char-
acterized by a small Reynolds number, so inertia is neglected
and the instantaneous velocity is determined by the Stokes equa-
tions. In that setting the capsule does not carry momentum in
the usual macroscopic sense. Instead, its time history is encoded
in the evolving membrane configuration, which generates elastic

1. Introduction

Deformable capsules in creeping flow are a useful abstraction
for soft particles enclosed by a thin elastic membrane and sus-
pended in a viscous liquid. The abstraction is narrow enough to
permit precise computation and broad enough to represent sev-
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traction, modifies the surrounding Stokes field, and is advected
by the velocity it helps create. Early boundary-integral treat-
ments of capsules and drops established the appeal of reducing a
three-dimensional viscous flow to surface unknowns, especially
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Figure 1 Confined Stokes migration of an extensible capsule in a periodic pipe. The schematic separates imposed Poiseuille transport, wall
correction, membrane traction, and the small lateral drift used as the most sensitive migration observable.
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Figure 2 Operator splitting used by the overset regularized boundary-integral method. Geometry differentiation, membrane mechanics, hydrody-
namic quadrature, wall enforcement, and adaptive time advancement are shown as distinct numerical stages.

when the viscosity is uniform or when viscosity contrast can be
handled by double-layer terms [ 1, 2]. Later studies clarified how
elastic constitutive laws, confinement, and background flow de-
termine whether a capsule elongates, tank-treads, tumbles, takes
a slipper-like shape, or relaxes toward a centered axisymmetric
state [3, 4, 5].

For red blood cell motivated computations, the membrane
cannot be treated as a passive material surface. Its in-plane shear
resistance, area resistance, and bending stiffness create a nonlin-
ear geometric response. The minimal extensible-capsule model
used here retains shear and dilatation but omits bending so that
attention stays on the interaction between in-plane elasticity and
confined hydrodynamics. This choice is not meant to imply that
bending is unimportant in red blood cells. Bending regularizes
sharp curvature and can shift shape transitions. Still, many nu-
merical comparisons of capsule methods isolate shear and area
elasticity because they expose the same major numerical diffi-
culties: moving surfaces, stiff differential operators, membrane
parametrization, and singular hydrodynamic integrals [6, 7, 8].
For a confined pipe problem, these difficulties become more
pronounced because the capsule-induced flow must be recon-
ciled with a no-slip wall and an imposed axial pressure-driven
profile. The wall breaks translational symmetry, creates a lateral
hydrodynamic lift, and causes off-center capsules to drift toward
or away from the centerline depending on deformability, initial
offset, reduced volume, and confinement.

Agarwal et al. introduced a partition-of-unity surface rep-
resentation with regularized Stokes kernels and overset finite

differences for extensible capsules, and the significance for the
present study is that their construction gives a credible local-
chart alternative to global spherical harmonic representations
while retaining high-order behavior for smooth shapes [9]. The
local character of the representation is important when confined
flow produces shapes that are not well described by a small
number of global modes. It also separates two operations that
are sometimes entangled in spectral implementations: differ-
entiating the membrane fields and integrating hydrodynamic
kernels. The present manuscript uses that separation as a de-
sign principle. Surface derivatives are evaluated patchwise on
overlapping grids with partition-of-unity blending, whereas the
layer potential is evaluated with a regularized kernel on an up-
sampled point set. This does not eliminate all stiffness or all
near-singular error, but it produces a computational pathway
in which each error source can be varied and diagnosed in a
parameter study.

Bagge et al. demonstrated GPU-accelerated simulations of
deformable capsules flowing through a pipe with regularized ker-
nels, upsampling, no-slip wall treatment, and reported speedups
relative to multicore CPU execution; their contribution is signif-
icant here because it shows that the confined-capsule boundary
integral pipeline is not only a theoretical discretization but also a
workload that maps naturally onto modern accelerator hardware
[10]. The present work develops a related but distinct synthetic
benchmark around migration, deformation, and error behavior.
Rather than attempting to reproduce a specific published figure,
it considers a controlled family of capsules with varied capillary
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Figure 3 Overset-patch capsule representation with overlapping local charts, patchwise finite differences, transition interpolation, and partition-

of-unity blending for stable surface differentiation.
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Figure 4 GPU-oriented evaluation path for regularized Stokes single-layer sums. Upsampled capsule sources are streamed through tiled pair

interactions before fixed wall correction and Runge—Kutta stage assembly.

number, reduced volume, stretch ratio, confinement ratio, and
initial offset. The objective is to quantify what a method of
this class should resolve before it is used in larger suspension
calculations. The numerical values are therefore not experimen-
tal measurements or outputs from a public simulation package.
They are a constructed benchmark with internally consistent
magnitudes, included to support a technical manuscript format
and to expose methodological tradeoffs.

The capsule literature has several numerical lineages. Im-
mersed boundary and immersed interface methods embed the
membrane in a volume grid and are attractive for complex
geometries or many interacting particles, although membrane
incompressibility and accurate traction jumps require careful
treatment [1 1, 12]. Lattice-Boltzmann and dissipative-particle
approaches have been used widely for red blood cell suspen-
sions and microcirculatory flows, with particular strength in
many-cell simulations and rheology [13, 14, 15]. Boundary
integral methods, by contrast, are especially efficient for Stokes
flow when the geometry is smooth and the interface representa-
tion is accurate, because the fluid velocity is expressed through
surface integrals rather than a volumetric solve [16, 17]. The
drawback is that the integral kernels are singular or nearly sin-
gular, and surface derivatives of an evolving geometry must
remain stable over long integration times. This study stays
within the boundary-integral family and asks how an overset
regularized-kernel discretization behaves in the pipe-migration
setting.

The phenomenology motivating the benchmark includes lat-
eral migration in pressure-driven flow, deformation-induced
lift, and shape selection under confinement. Vesicles, capsules,

and red blood cells can migrate away from walls or toward
centerlines when deformation couples with a shear gradient
[18, 19, 20]. The sign and magnitude of migration are sensitive
to the constitutive law and to whether the particle is closer to
a tank-treading, tumbling, slipper, or parachute regime. In a
cylindrical pipe, sufficiently centered capsules often approach a
parachute-like terminal configuration. With asymmetric initial
conditions, a slipper-like transient may persist for long times,
especially when the capsule is deflated or the flow strength is
moderate. These behaviors have been discussed in studies of
vesicles and cells, where reduced volume and confinement alter
the stability of centered and off-centered states [21, 22, 23]. The
present study does not attempt to settle that physical question.
It uses the phenomenon as a demanding diagnostic for a numeri-
cal method because the migration velocity can be much smaller
than the axial speed and therefore sensitive to discretization
error.

A secondary motivation is computational efficiency. A sin-
gle capsule in a pipe seems modest, but high-order boundary-
integral evaluation can be expensive when every target point
interacts with every source point and when wall constraints in-
troduce dense linear algebra. Fast multipole methods, Ewald
summation, and GPU all-pairs kernels are common accelera-
tion strategies for Stokesian dynamics [24, 25, 26]. Periodic
Stokes flow adds another layer of cost because the long-range
part of the Green’s function must satisfy periodicity in at least
one direction [27, 28, 29]. For a single or small number of cap-
sules at moderate resolution, a carefully written GPU all-pairs
calculation can be competitive because it has high arithmetic
intensity and simple memory access. For many capsules or very
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Figure 6 Mechanistic interpretation of shape selection and cross-stream migration. Deformability increases centering up to a saturated lift

regime, while reduced volume allows longer asymmetric transients.

fine wall discretizations, hierarchical or Fourier-Ewald acceler-
ation becomes more attractive. The benchmark below records
both direct and accelerated timings so that the tradeoff is visible
rather than implied.

The paper is organized as a continuous technical account.
The mathematical model defines the Stokes equations, mem-
brane kinematics, and nondimensional parameters. The dis-
cretization section explains the overset surface representation,
regularized quadrature, wall coupling, and time stepping. The
benchmark section states the synthetic test matrix and error mea-
sures. The results then discuss convergence, stability, migration,
and performance. The final sections examine mechanisms, lim-
itations, and reproducibility. The writing deliberately avoids
claiming that one discretization is generally superior. The goal
is more modest: to describe a coherent high-order computa-
tional experiment for extensible capsules in confined Stokes
flow, with enough numerical detail that the assumptions behind
the reported trends can be inspected.

2. Mathematical Model and Membrane Mechan-
ics
Let the pipe be a periodic cylindrical domain with radius R

and axial period L. The capsule membrane is a closed smooth
surface T'(¢) enclosing a Newtonian interior fluid and immersed

in an exterior Newtonian fluid of the same viscosity p. The
equal-viscosity assumption removes the double-layer operator
from the formulation and lets the velocity be written through
a single-layer representation driven by the membrane traction.
The wall 00}, satisfies no slip, and the axial periodicity rep-
resents a fully developed segment of a longer channel. The
background flow is a pressure-driven Poiseuille profile with
centerline speed Uy. The Reynolds number based on capsule
radius a is assumed small enough that inertia is absent. The
instantaneous fluid equations are therefore

—pAu+Vp =0 inQs(t),
Vou=0 inQf(t),
u=20 onadQ)y,

u(x + Le;) = u(x) for periodic pairs. (1)

The capsule interface is advected by the fluid velocity. If X (&, t)
denotes a material parametrization of the membrane, the kine-
matic condition is

oX
e = u(X@ 0,0, @

Because the flow is Stokesian, this equation is not coupled to
a local acceleration law. It is instead coupled to a boundary
integral relation in which the elastic force density determines



the disturbance velocity. This is the source of both the efficiency
and the numerical fragility of the method: the motion is entirely
surface based, but errors in surface force and quadrature feed
directly into the trajectory.

The membrane force follows a Skalak-type in-plane elastic
law. A reference configuration I'y is mapped to the current
configuration through the surface deformation gradient. Let
A1 and Ay be the principal surface stretch ratios. The strain
invariants are written as

L=M+A-2,
L =A2A3 —1. (3)

The areal stretch is J; = AqA;. The surface strain energy density
used in the benchmark is
Gs

W= = (B +2h-2h) +

Ks

o 2, 4)

where Gg is the surface shear modulus and Kj is the dilatation
modulus. The nondimensional stretch ratio is xs = Kg/Gs.
Large s penalizes local area change, but it does not impose
exact surface incompressibility. The stress tensor is projected
onto the tangent plane and its surface divergence gives the
membrane force. In compact notation,

fm = VF : 0’51
_ 1aWer

Us—]aTs- )

The expression is intentionally written in tensor form, because
the implementation evaluates it through patchwise tangents, nor-
mals, and metric coefficients rather than through closed-form
global coordinates. In the overset representation, the princi-
pal stretches are recovered from the eigenvalues of the surface
Cauchy—Green tensor. The surface divergence is evaluated
after transforming stress components to each local chart. A di-
rect finite-difference approximation of the divergence in global
Cartesian components is avoided because it gives poor cancella-
tion near patch overlap regions and near coordinate singularities.

Nondimensionalization uses a, Uy, and Gs. The capillary
number is

Ca .

(6)

with the understanding that the shear rate scale in a pipe is
proportional to Uy/R. The confinement ratio is Y = a/R, and
the initial offset is 779 = 7 (0) /R, where 7, is the radial location
of the capsule centroid. The reduced volume is

3/2
V= g (4/7;) , @)

where V and A are the enclosed volume and membrane area.
A sphere has v = 1, while a deflated capsule has lower v. The
benchmark uses v as a shape parameter independent of the
constitutive moduli, so that changes in terminal motion can be
separated into geometric and elastic effects. This is only a con-
trolled numerical convention; actual red blood cell mechanics

involve more constraints and structural heterogeneity than a
single reduced volume and a single Skalak law can represent
[23, 30].

The boundary integral representation starts from the free-
space Stokeslet. For a source point y and target point x, with
r = x — Yy, the tensor kernel is

|

1
G(xy) = 8 <p + p3> ;e = (8

The capsule-induced velocity in an unbounded fluid is
uc(x) = /r 4y GO Y)n(y)dsy. ©)

The pipe problem adds a correction velocity u,, that enforces
no slip at the wall and periodicity along the axial direction. In
the benchmark, uy, is represented through a wall density ¢ on
a fixed wall grid. The total velocity at membrane nodes is

u(X) = oo (X) + uc(x) + ug (x),
(%) = /a | Gr(xy)$(y) dsy. (10)

Here Gp denotes the periodic Stokeslet appropriate for the
axial period. The density ¢ is chosen so that the total velocity
vanishes on the wall. The numerical treatment may use a dense
solve for the wall unknowns or an accelerated periodic solver.
The model described here assumes that the wall grid is fixed
in time, so only the capsule-to-wall right-hand side changes
from step to step. This permits precomputation of the wall
self-interaction matrix when a direct solve is used.

The simplified physical model has limitations. Equal viscos-
ity prevents the interior fluid from generating a distinct double-
layer contribution. Omitting bending permits localized curva-
ture to develop more easily than in a full red blood cell mem-
brane model. Treating the wall as perfectly rigid and smooth
excludes glycocalyx effects and rough microchannel boundaries.
These limitations do not undermine the numerical benchmark,
but they do determine how the results should be read. The
benchmark probes a particular class of extensible membranes
in a Stokes pipe, not a complete biological cell. The most use-
ful quantities are therefore numerical sensitivities, convergence
trends, migration scaling, and deformation regimes under con-
trolled parameters, rather than literal predictions of a specific
cell experiment.

3. Overset Regularized Boundary Integral Dis-
cretization

The capsule surface is represented by six overlapping charts that
cover a surface diffeomorphic to the unit sphere. Each chart has
a rectangular computational domain with a uniform tensor grid.
A smooth partition of unity blends values in the overlap region.
Let P; denote a patch on the surface and let 8 = (61, 6 ) denote
local coordinates. The surface map on patch g is X;(8). The



partition functions w satisfy

6
Y wy(x) =1 forxeT(t),
q=1
supp(wy) C Py. (11)

The grid has m — 1 points in each coordinate direction on each
patch, leading to 6(m — 1)? surface nodes before upsampling.
The same material grid is followed in time. The partition func-
tions are fixed by the initial parametrization and are not recom-
puted during the synthetic tests. This choice reduces cost and
avoids temporal noise in the overlap weights, but it assumes that
the surface remains sufficiently close to the initial chart topol-
ogy. If a capsule develops deep folds or loses smooth relation to
the reference sphere, the representation would need remeshing
or adaptive chart replacement.

Surface derivatives are evaluated through local finite differ-
ences and then blended. For a scalar or vector field g defined
on the membrane, patchwise coordinate derivatives are approx-
imated by fourth-order centered stencils in the patch interior
and one-sided stencils near the patch boundary. In the overlap,
values needed by a stencil but lying outside the patch support
are obtained by interpolation from neighboring charts through
transition maps. The blended surface derivative is

: (7)
Veag() = Ly [Vihe| - a2
q:

This expression conceals a substantial amount of geometry.

Each VI@ uses the local metric tensor, tangent basis, and nor-
mal vector computed from X;. The main advantage is that all
derivative operations remain local and sparse. The main risk
is that chart interpolation and partition blending can introduce
visible high-frequency error if the overlap is too narrow or if the
shape becomes strongly elongated. In the benchmark, the par-
tition support is chosen so that every active stencil has at least
two layers of overlap at m = 16, and more at higher resolution.

The regularized Stokes kernel replaces the singular functions
1/pand 1/ p3 with smooth approximations over a length scale
€. The velocity induced by membrane force is approximated as

Ny
ucu(xi) = Y wiGe, (xi, ¥, (13)
j=1

where N, is the number of upsampled source nodes, wj is the
product trapezoidal weight after partition blending, and J; is the
surface Jacobian. The regularized kernel is

Ge(x,y) =

1 [si(p/e) ., salp/e) 1
87y 0 I+ P3 rr|. (14)

The smoothing functions are chosen so that the kernel is finite
at o = 0 and has fourth-order consistency for smooth surfaces.
Regularized Stokeslet ideas have a long history in low-Reynolds-
number computation, and several kernel and quadrature variants
have been proposed for immersed boundaries, slender structures,

and surface integral equations [31, 32, 33]. The present dis-
cretization uses the regularization as a quadrature device rather
than as a physical smearing of the membrane. The membrane
force remains a surface density; only the numerical evaluation
of its layer potential is regularized.

The regularization parameter is selected locally. At a target
point x;, let /; be the largest distance from that node to its
immediate neighboring nodes on the same patch, after mapping
to physical space. The benchmark uses

€ = achj, 5)

where o = 1.15 unless otherwise stated. A global € is sim-
pler but performs poorly when deformation creates nonuniform
physical spacing across the patch. A local €; reduces the sensi-
tivity of the singular quadrature to stretching. It also makes the
discrete operator mildly nonsymmetric, but the velocity evalua-
tion is explicit and the loss of symmetry is not used in a solver.
Sensitivity tests in the synthetic benchmark vary a, from 0.85
to 1.55 and show that the most stable plateau lies between 1.05
and 1.30 for the selected grids.

Upsampling is applied before hydrodynamic integration. The
membrane position and force fields are interpolated from the
m-grid to a 4m-grid using cubic splines within each chart. The
purpose is not to increase the nominal geometric resolution of
the time-evolved capsule. It is to give the smooth but sharply
peaked regularized kernel enough quadrature nodes near each
target. If the base grid is used directly at m = 16, the elas-
tic force may be resolved while the single-layer velocity still
contains visible quadrature bias. With 4m upsampling, this
bias decreases without requiring the time integrator to store and
evolve the larger grid. The same strategy has been used in sev-
eral high-order surface quadrature settings where geometry and
quadrature resolution are intentionally separated [34, 35, 36].

Wall coupling is handled by a collocation equation on the
pipe wall. The wall density satisfies

My
Y Ay = —ueo(zi) —ucp(zi), k=1,..., My, (16)
/=1

where z; are wall collocation nodes and Ay, is the periodic wall
single-layer interaction matrix. For the benchmark, M, = 2m?,
with my, = 32 unless a convergence test is being performed.
The matrix is assembled once and factored for the direct wall
solve. This choice is reasonable for a single pipe geometry and
a small number of wall nodes. It will not be optimal for many
geometries or very high wall resolution. A Fourier-Ewald or
fast multipole wall solve would be more scalable, and several
methods exist for periodic Stokes sums and general kernel ac-
celeration [37, 29, 26]. The direct solve is retained here because
it isolates the membrane quadrature and migration errors from
iterative wall-solver tolerances.

The temporal discretization is an embedded Runge—Kutta
method with adaptive step size. The state vector consists of
all membrane node positions on the base grid. At each stage,
the algorithm computes surface derivatives, membrane force,
upsampled source fields, capsule and wall velocities, and the
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Figure 7 Resolution errors decrease fastest for gross deformation and slowest for accumulated lateral migration, showing that the terminal offset

is the most sensitive observable in the wall-coupled capsule trajectory.

membrane velocity. Step acceptance uses a mixed tolerance

o[ i)
t= | anr PNl
3N S \ao1 + realIXi]|

The benchmark uses a,) = 2.5 x 10 %z and r,; = 5.0 x 107°.
A geometry quality monitor rejects a step if the minimum local
area element decreases below 42% of its initial value or if the
maximum chartwise second derivative grows above a specified
threshold. These rejections occur rarely in the reported param-
eter range, but they are useful for detecting cases where the
synthetic benchmark would otherwise report smooth-looking
trajectories from an underresolved surface.

1/2
a7

4. GPU Evaluation and Time Integration Strat-
egy

The dominant calculation in the direct implementation is the
all-pairs evaluation of the regularized Stokes single-layer po-
tential on the upsampled grid. For a base value m = 32, the
upsampled surface contains 6(4m — 1)> = 96774 nodes. A
direct target-source sum over the same upsampled grid is large
but structured. Each interaction evaluates a few scalar functions,
dot products, and vector accumulations. The memory access is
regular, the source fields are reused by many target threads, and
the arithmetic intensity is high enough for a modern GPU to
be effective. The benchmark implementation assigns one target
node to a thread group and streams source nodes through shared
memory. The regularization parameter is target dependent, so it
is loaded once for the target and reused across all sources. The
same kernel is used for capsule targets and wall targets, with
different target arrays.

The cost model is simple. Let N, denote the number of
upsampled capsule nodes and My, the number of wall nodes.
The capsule-to-capsule velocity costs O(Nﬁ), the capsule-to-
wall right-hand side costs O(My,N,,), and the wall-to-capsule

velocity costs O(NMy,) after the wall density is found. The
wall solve costs O(MS3,) when a dense factorization is used, but
the factorization is precomputed; each time step only requires
triangular solves with cost O(M2). For the resolutions used
here, the wall solve is visible but not dominant. At higher 1,
or in geometries where My, must be much larger than N, the
direct wall solve would quickly become the bottleneck.

The adaptive Runge—Kutta method creates repeated velocity
evaluations. A typical accepted time step uses six stage evalu-
ations. If a step is rejected, the cost is paid again at a smaller
step size. To prevent a few difficult transients from dominating
the wall clock time, the step controller includes a conservative
growth limit and a deformation-aware cap. The new step size is
chosen as

Atnew = Atmin [1.35,max (0.25,0.88E/%)] . (18)

An additional restriction enforces that no membrane node moves
farther than 0.018a in one accepted step. This kinematic cap
is not needed in smooth centered cases, but it stabilizes off-
center runs where near-wall shear produces localized changes
in membrane force. It also makes the synthetic timing data
easier to compare across Ca, because the high-Ca cases do not
take unrealistically large explicit steps during intervals when
the embedded error estimate is accidentally small.

The synthetic performance model was calibrated to three
base resolutions on a single accelerator-class GPU. At m = 16,
one accepted stage evaluation took 0.126 s when wall coupling
was active and 0.071 s without the wall correction. At m = 24,
the corresponding times were 0.318 s and 0.201 s. At m = 32,
they were 0.742 s and 0.511 s. The effective scaling exponent
between m = 16 and m = 32 was 2.56 for the wall-coupled
stage and 2.85 for the wall-free stage, smaller than a pure m* law
because fixed overhead, wall resolution, and GPU occupancy
change across the measured range. When upsampling was
reduced from 4m to 3m, the m = 32 stage time decreased by
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Figure 8 Increasing capillary number reduces residual offset and migration length while increasing deformation; above Ca = 0.24, additional

deformation produces only a small centering gain.

38%, but the terminal offset error increased by 2.7 times in
the most deformed case. When upsampling was increased to
5m, the stage time increased by 61%, while the terminal offset
changed by less than 0.4% for all m > 24. The benchmark
therefore uses 4m as a compromise rather than as a derived
optimum.

Acceleration alternatives were also represented synthetically.
A single-level kernel-independent fast multipole evaluation was
modeled for the capsule-to-capsule term, using a leaf occu-
pancy selected to keep near-field work on the GPU. At m = 32,
the accelerated version reduced the capsule-to-capsule part by
44%, but total wall-coupled stage time decreased by only 27%
because interpolation, wall right-hand side assembly, and tri-
angular wall solves remained unchanged. At m = 48, the
accelerated version reduced the full stage time by 49%. These
numbers are plausible for a single-capsule problem but should
not be generalized to dense suspensions. With multiple capsules,
the long-range part becomes more important, and an FMM or
Ewald method is expected to become favorable at lower per-
capsule resolution [24, 25, 17].

The time-to-solution for a migration trajectory depends more
on step count than on one-stage cost. A centered capsule at
Ca = 0.16, v = 0.82, and x = 0.28 required 612 accepted
steps to reach z./L = 16, with 23 rejected steps. The off-
center case at g = 0.32 required 741 accepted steps and 51
rejected steps because the lateral migration phase produced
stronger transient deformation. Increasing Ca to 0.32 reduced
the number of axial periods required for centering but increased
stiffness; the accepted step count to reach the terminal centered
state was 818. These counts show why stage-level speedups
are meaningful but incomplete. A method that allows a 20%
larger stable time step can be as useful as a method that reduces
a kernel evaluation by 20%, provided the larger step does not
hide migration error.

The implementation stores surface positions in double pre-
cision and evaluates the interaction kernel in mixed precision:
source-target distances and accumulation are double precision,
while selected smoothing-function intermediates are single pre-
cision after range reduction. This mixed strategy reduced stage
time by 13% at m = 32 in the synthetic timing model and
changed velocity norms by less than 3.0 x 107 relative to a
full double precision kernel. The wall solve remains double
precision because the wall matrix condition number is more
sensitive to pipe aspect ratio and node clustering. Mixed preci-
sion was not used in surface differentiation because the force
calculation is a subtraction-heavy operation involving metric
derivatives and stress divergence. This is a practical detail, not
a universal rule. In a different implementation, compensated
finite differences or spectral patch derivatives might change the
best precision split.

5. Synthetic Benchmark Configuration and Er-
ror Measures

The benchmark uses a pipe of nondimensional radius R = 1
and period L = 8. The background flow is

e (r) = Uy (1 - r2) e, (19)

where 7 is radial distance from the centerline. The capsule area-
equivalent radius is a = \/Ag/ (47r). Unless otherwise stated,
x =a/R =028, v =0.82, ks, = 50, and 79 = 0.28. The
capillary number varies over Ca = 0.04,0.08, 0.16,0.24, 0.32.
The reduced volume varies over v = 0.68,0.74,0.82,0.90, 0.95.
The initial shape is generated from an axisymmetric deflated
profile and then rotated so that its symmetry axis is initially
aligned with the pipe axis. To trigger migration without impos-
ing an artificial tilt, the centroid is shifted radially by #pR and
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Figure 9 Lower reduced volume gives stronger deformation and larger extensible area change; the most deflated capsules retain centering but

exhibit deeper rear concavity and weak asymmetry oscillations.

the material points retain their reference coordinates. This is
a clean numerical initialization, although a laboratory exper-
iment would likely introduce additional rotational and shape
disturbances.

Three error classes are tracked. The first is a geometry con-
servation error. Even though the membrane is extensible, the en-
closed volume should remain constant to within time-integration
and quadrature error because the Stokes velocity is incompress-
ible and the interface satisfies no penetration. The relative
volume drift is

V() = V(0)]

Ey(t) = V(0)

(20)
The area is not exactly conserved because the model permits
extension, but excessive area drift at large x; indicates stress-
divergence or time-step error. The second error class is a resolu-
tion difference error. A trajectory at grid m is compared with
the m = 48 run after interpolation of centroid and deformation
metrics to common axial positions. For a scalar observable g,
the relative difference is

) 1/2
|qm(Z) — qas(Z)|*dZ

Z
f

Jo l9ss(2)[7dzZ
The third class is a residual error for the wall condition. At each
accepted step, the no-slip residual is

Zs

E;(m) = Jo

2y

1 M 1/2
Eul(t) = [M ) |u(zklt)||2] / U (22)
W k=1

A small E;, does not guarantee an accurate capsule trajectory,
because the membrane quadrature can still be biased. But a
large E,, is a direct sign that the wall correction is not being
solved accurately enough for migration studies.

The deformation metrics are chosen to be interpretable with-
out requiring visual inspection. The Taylor deformation param-
eter in the cross-section containing the centroid is

gmax - émin
Dy, = -Max  “min, 23
W gmax + gmin ( )

where fmax and fnin are principal lengths of the projected
membrane. The axial elongation is

D, = Zmax — Zmin ) (24)
2a

The slipper asymmetry is measured by the distance between the
centroid and the center of the best-fit cross-sectional ellipse, nor-
malized by a. The tank-treading indicator is the mean material
angular drift around the capsule symmetry axis after subtracting
rigid-body rotation. It is not used to classify all runs, but it helps
distinguish a true steady membrane shape from a frozen shape
moving as a rigid body. Such metrics are common in capsule
and vesicle studies, although the exact definitions vary with flow
geometry and interface model [38, 39, 40].

A convergence test in an unbounded shear flow is included
before the pipe cases. The reason is mundane but important. If
the surface derivative and regularized single-layer integration
do not converge in a wall-free problem, wall-coupled migration
errors cannot be interpreted. The shear test uses an initially
ellipsoidal capsule with v = 0.90, Ca = 0.12, and ks = 50.
The reference m = 64 trajectory is computed without wall
correction. For m = 12,16,24,32, the terminal deformation
error decreases approximately as /38 until m = 32, where time-
integration tolerance becomes visible. The volume drift is below
8.0 x 1075 for m > 24. The synthetic errors are not intended
to certify a code; they provide a baseline that the later pipe
calculations are not dominated by an obviously underresolved
membrane.
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Figure 10 Larger dilatation modulus suppresses area change but lengthens centering slightly and reduces explicit time-step size, indicating that

stiffness rather than axial transport controls the cost.

The wall grid is also varied. For m = 24, wall resolutions
my = 20,24,32,40 are tested at Ca = 0.16, v = 0.82, and
7o = 0.28. Increasing my, from 20 to 32 changes the terminal
offset by 1.9% and the terminal axial speed by 0.8%. Increasing
from 32 to 40 changes the same quantities by 0.3% and 0.2%.
This motivates the default m,, = 32. The wall residual at
1My = 32 remains between 1.5 x 1077 and 6.0 x 10~ across
the reported trajectories. In a fully published computational
study one would likely include wall quadrature plots and matrix
conditioning data. Here the details are summarized in prose
because the focus is the membrane migration benchmark.

The synthetic nature of the results should be kept visible.
The benchmark values were selected to obey expected scaling
and observed qualitative behavior from capsule and vesicle lit-
erature, but they are not a substitute for rerunning the equations
with a released implementation. The reported migration rates,
deformation parameters, and timings are therefore best read
as a detailed target specification for a plausible numerical in-
vestigation. That convention allows the manuscript to describe
a complete research-style workflow without implying that an
unverified computation has been performed. It also prevents the
discussion from assigning physical significance to differences
that are smaller than the assumed discretization and modeling
uncertainty.

6. Numerical Results

The first set of results concerns convergence of the wall-coupled
migration trajectory. At Ca = 0.16, v = 0.82, ks = 50,
x = 0.28, and 79 = 0.28, the capsule initially deforms into
a weakly asymmetric shape while accelerating downstream.
During the first two axial periods, the lateral offset decreases
slowly from 0.280 to 0.242. Between the third and tenth periods,
the migration rate increases as the capsule develops a stable
fore-aft pressure and traction imbalance. After roughly fourteen
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periods, the centroid reaches 7. /R = 0.041, and the remaining
drift is small. The terminal state is not exactly axisymmetric at
finite resolution, but the asymmetry measure falls below 0.018
for m = 32. The axial velocity of the capsule centroid settles to
0.827Uy, lower than the background centerline speed because
the capsule has finite size and samples slower fluid away from
the center.

Resolution affects lateral migration more strongly than axial
speed. For m = 16, 24, 32, the terminal axial speed differs from
the m = 48 reference by 1.8%, 0.7%, and 0.2%, respectively.
The terminal offset differs by 8.6%, 2.9%, and 0.9%. The
deformation parameter ny differs by 5.1%, 1.6%, and 0.5%.
These values are consistent with the idea that migration is a
small residual effect of the full hydrodynamic traction, while
axial motion is dominated by the imposed background flow. The
apparent order from m = 16 to m = 32 is between 3.1 and
3.6 for deformation and between 2.8 and 3.2 for terminal offset.
The offset convergence is lower because the lateral position
integrates small velocity differences over long time. Even when
instantaneous velocity is fourth-order accurate, the accumulated
migration can show a lower effective order unless time tolerance
and wall resolution are tightened together.

Variation in capillary number produces a clear but not mono-
tone deformation pattern. At Ca = 0.04, the capsule behaves
nearly as a stiff particle. It migrates slowly and remains offset
after sixteen axial periods, with 7./R = 0.118. At Ca = 0.08,
the terminal offset decreases to 0.072 and Dy, = 0.146. At
Ca = 0.16, the offsetis 0.041 and Dy, = 0.218. At Ca = 0.24,
the offset is 0.026 and ny = 0.271. At Ca = 0.32, the offset
decreases only slightly further to 0.023, while Dy, increases
to 0.335 and the front cap becomes noticeably flattened. The
terminal axial speed decreases from 0.851Uj at Ca = 0.08
to 0.771Up at Ca = 0.32, a reduction of 9.4%. The lateral
migration time, defined as the axial travel required to reach
re./ R = 0.05, decreases from 13.8 periods at Ca = 0.08 to 10.8
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Figure 11 Confinement strongly reduces terminal axial speed, whereas the migration length is nonmonotone because wall lift, lateral distance,

and deformation mode vary together.

periods at Ca = 0.32, a reduction of 21.7%. The diminishing
return above Ca = 0.24 suggests that stronger deformation no
longer translates into proportionally stronger centering because
the shape approaches a saturated confined parachute mode.

Reduced volume changes both the pathway and the terminal
shape. For v = 0.95, the capsule remains close to an elongated
spheroid and reaches the centerline smoothly, with terminal
ny = 0.132 at Ca = 0.16. For v = 0.90, a mild fore-aft flat-
tened shape appears, and Dy, = 0.171. For v = 0.82, the ter-
minal profile resembles a rounded parachute with Dy, = 0.218.
For v = 0.74, a transient slipper state persists for almost seven
axial periods before centering, and ny = 0.276. For v = 0.68,
the capsule develops a deeper concavity at the rear and shows
oscillations in the asymmetry metric with amplitude 0.014, al-
though the centroid still moves toward the centerline. The
volume drift remains below 2.2 x 10~# for all reduced volumes
at m = 32, but the area change varies significantly because the
membrane is extensible. The maximum area increase is 1.3% at
v = 0.95 and 4.8% at v = 0.68. The increase at lower reduced
volume is caused by stronger local stretching in the side lobes,
not by global inflation.

The stretch ratio x5 mainly controls local area variation and
force stiffness. With ks = 10, the same Ca = 0.16, v = 0.82
capsule reaches a terminal area increase of 7.6% and migrates
slightly faster, reaching r./R = 0.05 after 11.6 axial periods.
With ks = 50, the area increase is 2.9% and the migration
length is 12.4 periods. With x; = 100, the area increase is
1.5%, and the migration length is 12.9 periods. The terminal
axial speed changes by less than 1.1% across the three cases.
The time-step size, however, is strongly affected. The median
accepted step at ks = 100 is 37% smaller than at x; = 10. This
is expected because a large dilatation modulus penalizes surface
divergence and introduces faster elastic response. In an implicit
or semi-implicit scheme the cost balance would be different.
The explicit benchmark therefore measures a combined physical

and numerical stiffness response.

Confinement has the largest effect on axial velocity. At fixed
Ca = 0.16,v = 0.82, and 79 = 0.28, increasing x from 0.20 to
0.34 decreases terminal axial speed from 0.901U, to 0.721Uj.
The migration length first decreases from 15.2 periods at x =
0.20 to 11.9 periods at x = 0.28, then increases to 12.7 periods
at x = 0.34. This nonmonotone trend is plausible because
confinement strengthens wall-induced lift but also reduces the
available lateral distance and changes the deformation mode. At
X = 0.34, the capsule nearly fills the high-shear region and the
terminal shape is broader; additional deformation contributes
more to axial drag than to lateral migration. The no-slip residual
remains small, so the nonmonotone trend is not caused by wall-
solver failure in the benchmark. It is also not claimed as a
universal physical law. It is a result for the selected model and
parameter range.

The sensitivity to initial offset is mild once the capsule is not
too close to the wall. Starting from 779 = 0.12, 0.20, 0.28, and
0.36 at Ca = 0.16, v = 0.82, and x = 0.28, all trajectories
approach offsets below 0.05 within sixteen axial periods. The
lateral velocity approximately follows

% = —B(Ca,v, x)rc [1 — (;;)1 ,

with fitted BR/ Uy = 0.032 and 7y = 1.8. The cubic correction
is needed because the migration velocity is weaker near the
centerline and also weaker very close to the wall, where the
capsule shape adjusts to confinement. The fit has a root-mean-
square offset error of 0.006R over the four trajectories. A purely
linear model overpredicts centering from 179 = 0.36 by 18%.
This empirical formula is only a compact description of the syn-
thetic data, but it is useful because it separates an interpretable
migration rate from shape and confinement parameters.
Regularization sensitivity is measured at m = 24 and m =
32. With o = 0.85, the m = 24 velocity contains small

(25)
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Figure 13 GPU stage timing grows subquartically over the measured resolutions; the 4m upsampling choice balances wall-coupled cost against

migration-error sensitivity.

oscillations in the lateral component, and the terminal offset
differs from the m = 48 reference by 5.4%. With ae = 1.05,
the error drops to 3.1%. With o, = 1.15, it is 2.9%. With a, =
1.30, it is 3.4%. With o = 1.55, the velocity becomes overly
smoothed and the terminal deformation is biased low by 4.7%.
At m = 32, the plateau broadens; values between 1.05 and
1.30 produce terminal offset errors below 1.2%. This behavior
matches the usual compromise in regularized quadrature. Too
small a smoothing length leaves the kernel underresolved by
the quadrature nodes. Too large a smoothing length changes the
operator. Upsampling shifts the useful interval downward but
does not remove the tradeoff.

The wall-coupled computation is compared with an uncon-
fined Poiseuille-like background flow that omits the wall cor-
rection but keeps the same imposed velocity near the capsule.
This comparison is not physically consistent as a pipe model,
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but it diagnoses wall effects. Without the no-slip wall, the cap-
sule still deforms because of shear gradient, but the migration
rate decreases by 46% at Ca = 0.16. The terminal axial speed
increases to 0.884Uy, and ny decreases from 0.218 to 0.191.
The result confirms that the wall correction is not a small per-
turbation under the chosen confinement. It also explains why
using an unbounded Green’s function with only a background
profile would misrepresent the centering dynamics.

7. Mechanistic Analysis of Migration and
Shape Selection

The lateral migration observed in the benchmark can be inter-
preted as the result of an imbalance between the wall-modified
traction field and the deformation-induced disturbance flow. A
rigid neutrally buoyant sphere in Stokes flow has no inertial lift
in an unbounded linear shear, and in pressure-driven flow the



reversibility of Stokes equations restricts cross-stream migration
unless additional symmetry breaking is present. A deformable
capsule breaks this reversibility because its shape depends on
the local shear history. When the capsule is off center, the
near-wall side and centerline side experience different shear and
different hydrodynamic resistance. The resulting stress distribu-
tion produces a cross-stream velocity component. The direction
in the reported cases is toward the centerline. This direction is
consistent with many capsule and vesicle computations in con-
fined Poiseuille flow, although the exact mechanism can differ
between shear-elastic capsules, area-incompressible vesicles,
and red blood cells with bending resistance [18, 19, 20].

The benchmark suggests that migration strength is not con-
trolled by deformation magnitude alone. From Ca = 0.08 to
Ca = 0.24, both Dy, and migration speed increase. From
Ca = 0.24 to Ca = 0.32, deformation continues to increase,
but the migration length decreases only slightly. One interpre-
tation is that the deformation component that matters for lift
is not the total elongation but an asymmetric mode coupled to
the wall-normal shear gradient. Once the capsule has adopted
a stable parachute-like configuration, further axial flattening
mostly changes drag and pressure distribution along the flow
direction. The asymmetry metric supports this interpretation:
its terminal value decreases from 0.031 at Ca = 0.16 to 0.019
at Ca = 0.32, even though Dy, increases. The capsule is more
deformed but also more symmetrically centered.

Reduced volume changes the available shape modes. A
nearly spherical capsule has limited excess area and cannot
form a pronounced rear concavity without stretching. A deflated
capsule has more geometric freedom and can develop slipper-
like or parachute-like shapes at lower capillary number. In the
synthetic data, v = 0.74 and v = 0.68 cases spend longer in
asymmetric states than v = 0.90 and v = 0.95 cases. This does
not necessarily mean that lower reduced volume always slows
centering. In the benchmark, the lower-v cases initially migrate
faster at large offsets but retain residual oscillations near the
centerline. The transition can be described by a competition
between a wall-induced centering mode and a shape-memory
mode associated with the material coordinate drift. Similar
qualitative distinctions between tank-treading, tumbling, and
shape oscillations have been reported for nonspherical capsules
and vesicles in shear flow [38, 39, 41, 40].

The surface material motion is not frozen in the terminal
state. At Ca = 0.16, v = 0.82, the tank-treading indicator ap-
proaches 0.117Uj / a, while the apparent shape becomes steady
in the moving frame. At Ca = 0.04, the indicator is only
0.026Uy/ a, and the membrane behaves closer to a weakly ro-
tating elastic shell. At Ca = 0.32, it rises to 0.184Uj/a, but
fluctuations appear in the rear cap because the membrane stress
is spatially sharper. This matters numerically because a steady
outline does not imply a steady material parametrization. Sur-
face grids tied to material points can become distorted even
when the visible shape is stable. The overset representation
reduces coordinate singularities but does not remove material
mesh distortion. The geometry quality monitor shows that at
Ca = 0.32, the minimum patch Jacobian decreases by 18% over
sixteen periods, compared with 5% at Ca = 0.08. This remains

acceptable in the benchmark but points toward remeshing for
longer simulations.

The wall traction density contains information about how
confinement mediates migration. In the Ca = 0.16, 59 = 0.28
case, the largest wall density magnitude occurs slightly down-
stream of the closest wall approach, not directly opposite the
capsule centroid. As the capsule migrates inward, this high-
density region broadens and weakens. The integrated wall re-
action has a lateral component opposite the capsule offset, but
its magnitude is only about 3.6% of the axial component during
the strongest migration interval. The small ratio explains why
lateral migration is sensitive to numerical error. A 1% error in
the axial wall response may be tolerable for speed prediction,
while a similar absolute error projected laterally can create a
noticeable migration bias. This is one reason the benchmark
treats terminal offset as a stricter observable than axial velocity.

The empirical migration model from the results section can
be connected to a near-centerline expansion. Symmetry requires
the lateral velocity to be odd in 7., so the leading term is linear:

% = —Brc+0(r2). (26)
The fitted B increases with Ca up to Ca = 0.24 and then satu-
rates. Across the synthetic capillary-number series, the fitted
values are 0.010, 0.021, 0.032, 0.038, and 0.040 in units of
Up/R. A simple rational fit is

Ca
B(Ca) = ﬁwm, Boo = 0.052Uy/R, Co = 0.055.
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This formula is not derived from first principles. It is a compact
way to describe the observation that deformability initially pro-
motes migration and then reaches a deformation-limited regime.
Such fitted relations can be useful in reduced-order suspension
models, but they should be calibrated against actual simulations
or experiments before being used predictively.

Shape selection can also be described through a balance of
elastic and viscous power. The instantaneous viscous work done
by the flow on the membrane is approximated by

P,(t) = f,, -uds, 28
(t) /w) uds (28)

while the elastic energy rate is dEs/dt. In an exact continuous
formulation without numerical dissipation, these quantities are
related through the work performed by the imposed flow and
wall reaction. In the benchmark, P;, is positive during the early
deformation transient, then oscillates around a small mean once
the moving-frame shape is nearly steady. At Ca = 0.16, the
membrane energy increases by 6.2% during the first two axial
periods and then varies within a 0.7% band. At Ca = 0.32,
the initial increase is 14.8%, with a later band of 1.9%. The
larger band is tied to material tank-treading through a spatially
nonuniform stress field. This energy diagnostic was more sen-
sitive to underresolution than either centroid speed or Taylor
deformation, making it a useful optional check.

The synthetic results are consistent with the general expec-
tation that a confined deformable capsule approaches a stable
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transport mode when the flow, elasticity, and wall interaction
remain steady in the co-moving frame. They do not imply
that the centered parachute is the only stable state. In other
parameter ranges, especially with viscosity contrast, bending,
stronger deflation, or different confinement, long-lived slippers
or off-center equilibria may occur [21, 22]. The present model
lacks several ingredients that can stabilize those states. The
value of the benchmark is that it gives a controlled baseline: if a
method cannot reproduce the monotone centering and deforma-
tion trends in this simpler setting, it should be treated cautiously
before being applied to richer red blood cell dynamics.

8. Limitations and Reproducibility Considera-
tions

The first limitation is the synthetic status of the numerical re-
sults. The values are designed to be coherent with a well-defined
numerical method and with known capsule-flow behavior, but
they are not presented as verified outputs from a released solver.
For a real computational paper, the raw trajectories, solver toler-
ances, random seeds if any, wall matrices, and postprocessing
scripts would need to be archived. The text gives enough detail
to define a benchmark problem, yet it does not replace code
verification. A reader should treat the reported numbers as a
plausible technical example and not as data to be reused in a
physical model without recomputation.

The second limitation is the membrane model. The Skalak-
type law with shear and dilatation captures important in-plane
elastic effects, but it omits bending, viscosity contrast, mem-
brane viscosity, and cytoskeletal remodeling. Bending is espe-
cially relevant for highly deflated shapes because it penalizes
curvature concentration and can shift the onset of rear concavity.
Viscosity contrast modifies tank-treading frequency and can
alter shape stability. Membrane viscosity introduces dissipation
that is not equivalent to changing the elastic modulus. These ef-
fects are often essential in quantitative red blood cell simulation
[14, 15, 23]. The current formulation should therefore be read
as an extensible capsule model, not as a complete erythrocyte
model.

The third limitation is the fixed overset parametrization. Six
patches are sufficient for smooth sphere-like topologies in the
reported deformation range. They are not a general surface
tracking solution. If a capsule becomes very elongated, de-
velops near self-contact, or undergoes strong local wrinkling,
the material grid may become distorted. The partition of unity
would still sum to one, but derivative accuracy could deteriorate
because finite-difference stencils sample stretched material coor-
dinates. Adaptive remeshing, surface redistribution, or quadtree
patch refinement would be natural improvements. Such strate-
gies must be implemented carefully because remeshing changes
material coordinates and therefore affects the elastic reference
state.

The fourth limitation concerns near-wall and near-surface
quadrature. The regularized kernel works well when the target is
on or not too close to the source surface and when the smoothing
length is tied to local spacing. In confined flow, membrane nodes
may approach the wall, and the wall correction requires evalu-
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ating capsule contributions at wall nodes. If the gap becomes
comparable to the membrane grid spacing, ordinary regularized
quadrature may produce large near-singular error. The bench-
mark avoids this by choosing x < 0.34 and offsets that do not
create extremely thin gaps. For tighter confinement, specialized
near-singular quadrature or adaptive local refinement would be
needed [35, 36]. Without it, migration could be dominated by
wall-evaluation error rather than by physical lift.

The fifth limitation is the direct wall solve. It is conve-
nient for a single periodic pipe, but it scales poorly with wall
resolution and geometric complexity. A high-throughput sus-
pension simulation would need a more scalable treatment of
confined boundaries. Possible options include periodic fast
Ewald summation, kernel-independent FMM coupling, bound-
ary integral preconditioning, or hybrid finite-element boundary
solvers [28, 37, 26]. The best choice depends on whether the
geometry is fixed, whether many right-hand sides are required,
and whether capsules occupy a small portion of the domain.
The benchmark uses the direct solve to reduce algorithmic am-
biguity, not because it is optimal.

Reproducibility would benefit from separating verification
tests into small independent cases. One test should verify sur-
face derivative convergence on analytic shapes such as ellip-
soids. A second should verify regularized single-layer conver-
gence against an accurately integrated smooth test density. A
third should verify wall no-slip residual for a known pipe flow
or a manufactured Stokes solution. A fourth should compare
short-time capsule deformation in unbounded shear against a
high-resolution reference. Only after these tests should the full
migration benchmark be run. This sequence is more useful
than a single end-to-end comparison, because end-to-end agree-
ment can hide compensating errors. A wall quadrature bias
and a membrane force bias may produce a plausible centroid
trajectory while giving the wrong stress distribution.

The reported performance data also need context. GPU
timings depend on memory layout, compiler flags, hardware
generation, and how much work is fused into one kernel. A
direct comparison between two codes is meaningful only when
both use the same tolerances and count the same operations.
For example, excluding upsampling and wall solves can make a
hydrodynamic kernel look faster than the full stage evaluation
experienced by the time integrator. The benchmark reports full
stage time and trajectory time because both matter. Still, the tim-
ings should be viewed as approximate targets. Their main role is
to illustrate that the all-pairs regularized-kernel workload can be
practical at moderate resolution, and that acceleration becomes
more attractive as resolution or capsule count increases.

9. Conclusion

The study described a detailed computational benchmark for
an extensible capsule migrating in a periodic pipe under Stokes
flow. The formulation combined a Skalak-type in-plane elastic
law, an overset partition-of-unity surface representation, regular-
ized Stokes single-layer quadrature, wall-density enforcement
of no slip, and adaptive Runge—Kautta time stepping. The numer-
ical results were stated as a synthetic but internally consistent



benchmark rather than as verified outputs from a public imple-
mentation. This distinction is important because the manuscript
uses fabricated values to examine methodological behavior, not
to assert new physical measurements.

Within the benchmark, lateral migration was more sensitive
to resolution than axial speed or gross deformation. This is a
useful practical observation. The axial centroid velocity is dom-
inated by the imposed pressure-driven flow and by the leading
hydrodynamic drag. The lateral velocity is a smaller residual
produced by deformation, wall interaction, and shear-gradient
asymmetry. Consequently, a discretization that appears ade-
quate for terminal speed can still be inadequate for migration.
The synthetic convergence data suggested that m = 32 with 4m
hydrodynamic upsampling and a wall grid of m,, = 32 gives
sub-percent terminal offset error relative to the constructed high-
resolution reference for the central parameter case. That reso-
lution should not be treated as universal, but it is a reasonable
target for this class of smooth single-capsule pipe calculations.

The parameter trends were physically plausible and numer-
ically informative. Increasing capillary number promoted de-
formation and accelerated centering until the response began to
saturate. Lower reduced volume introduced longer-lived asym-
metric transients and stronger rear deformation. Larger dilata-
tion modulus reduced local area change but increased explicit
time-step stiffness. Stronger confinement decreased axial speed
and produced a nonmonotone migration length, reflecting the
competing roles of wall-induced lift, available lateral distance,
and deformation-limited shape selection. These trends were
not presented as general laws. They are better understood as
diagnostic outcomes that a carefully implemented solver should
be able to reproduce or deliberately challenge under comparable
assumptions.

The fixed six-patch material representation is efficient for
smooth sphere-like topologies but will need remeshing or adap-
tivity for stronger deformation and longer material tank-treading.
Regularized quadrature is convenient and compatible with ac-
celerator hardware, but near-wall gaps and near-singular target
evaluations require more specialized treatment. The direct wall
solve is acceptable for the small periodic pipe benchmark, yet it
is not scalable enough for large suspensions or complex chan-
nels. Bending, viscosity contrast, membrane viscosity, and more
realistic cell constitutive laws would be needed before the model
could be used as a quantitative red blood cell simulator.

The main methodological lesson is that confined capsule
migration should be evaluated with observables that expose
small hydrodynamic imbalances. Volume drift, wall residual,
terminal axial speed, and deformation parameter are necessary
but not sufficient. Terminal offset, migration length, energy
variation, and material tank-treading diagnostics reveal different
error pathways. A future verified study could use the present
benchmark structure as a starting point, replacing the synthetic
values with reproducible computations and adding archived
trajectories. Such a study would be especially valuable if it
compared regularized kernels, singular quadrature corrections,
and fast periodic solvers under identical membrane and wall
discretizations.
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